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TOPIC SYNOPSIS 
Binary operation: An operation ‘o’ is said to be binary on a non-empty set G if for all a, b ∊ G then 
a o b ∊ G. 
Example:  

1. Addition (+) is a binary operation on set of Natural Numbers ‘N’. 
2. Subtraction (-) is not a binary operation on N. Since for a = 5, b = 9 ∊ N then                                                       

a + b = 5 + 9 = 14 ∊ N but a - b = 5 – 9 = – 4 ∉ N 
 
Algebraic Structure:  A non-empty set together with one or more than one binary operation is called 
an algebraic structure. 
Examples:  

1. (R, +), (R,  ∙) . is an Algebraic Structure where R is set of Real Numbers. 
2. (N, +) , (Z, +), (Q, +) are algebraic structures but (N, –) (Z, ÷) are not an algebraic structures. 
3. Division ( ÷ )  is not a binary operations on Z . Since for a = 2, b = 3 ∈ Z but                                                    

2 ÷ 3 =  2
3
 ∉ Z. Therefore (Z, ÷ ) is not an Algebraic structure. 

4. Multiplication is a Binary operation on the set or Rational numbers Q. For                                                    
𝑎𝑎 =  2

3
 𝑎𝑎𝑎𝑎𝑎𝑎  𝑏𝑏 =  4

7
 ∈ 𝑄𝑄 then a ∙ b = 2

3
 ∙  4

7
=  6

21
 ∈ Q.  Therefore (Q, ∙ ) is an Algebraic 

Structure. 



Closure Property: ∀ 𝑎𝑎, 𝑏𝑏 ∈G ⇒ 𝑎𝑎𝑎𝑎𝑏𝑏 ∈𝐺𝐺. 
Example:  

1. (N, +), (Z, +) are satisfies Closure Property. 
2. (N, –) does not satisfies Closure Property.  Since for 2 ∊ N and 3 ∊ N but 2 – 3 = – 1 ∉ N 

Associative Property: 𝑎𝑎 𝑎𝑎 (   c ) = (𝑎𝑎 𝑎𝑎 𝑏𝑏) 𝑎𝑎 𝑐𝑐 ∀ 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ 𝐺𝐺 
Example:  (N, +), (Z, +), (R, +), (Q, +) are satisfies Associative Property. 

Identity Properties: Let S be a non-empty set and ‘o’ be a binary operation on S. 
(i) If there exists and element e1 ∈ S such that e1 o a = a for a ∈ S then ‘e1’ is called a left identity 

of S w.r.t. the operation ‘o’. 
(ii) If there exists and element e2 ∈ S such that a o e2 = a for a ∈ S then ‘e2’ is called a right 

identity of S w.r.t. the operation ‘o’. 
(iii) If there exists and element e ∈ S such that e is both a left and right identity of S w.r.t. ‘o’ i.e. 

𝑎𝑎 𝑎𝑎 𝑒𝑒 = 𝑒𝑒 𝑎𝑎 𝑎𝑎 = 𝑎𝑎, then ‘e’ is called an identity of S.  
Example:  

1. (Z, +) is satisfies Identity Property. Since ∀ a ∈ Z ∃ an element 0 ∈ Z such that                                                                                                             
a + 0 = 0 + a = a. 

2. (N, +) is not satisfies identity Property. Since ∀ a ∈ N ∃ an element 0 ∉ N such that                             
a + 0 = 0 + a = a.  

3. But (N, ∙) satisfies Inverse Property.  Since ∀ a ∈ N ∃ an element 1 ∈ N such that                                                
a ∙ 1 = 1 ∙ a = a. 

Inverse Property: Let S be a non-empty set and ‘o’ be a binary operation on S with identity element 
‘e’ 

(i) An element a ∈ S is said to be left invertible or left regular if there exists an element b ∈ S 
such that b o a = e.   b is called a left inverse of ‘a’ w.r.t. ‘o’. 

(ii) An element a ∈ S is said to be right invertible or right regular if there exists an element b ∈ 
S such that  a o b  =  e.   b is called a right inverse of ‘a’ w.r.t. ‘o’. 

(iii) An element b ∈ S which is both a left inverse and right inverse of ‘a’ i.e.                                                                                                             
a o b  = b o a =  e  is called an inverse of ‘a’ and ‘a’ is said to be invertible or regular.  

Example:  
1. (Z, +) is satisfies Inverse Property. Since ∀ a ∈ Z ∃ an element –a ∈ Z such that                                                   

a + (–a)  = (–a) + a = 0. 
2. (N, +) is not satisfies Inverse Property. Since ∀ a ∈ N ∃ an element –a ∉ N  such that                             

a + (–a)  = (–a) + a = 0.   
3. (Z, ∙), (N, ∙ ) are not satisfies inverse property. Since 2 ∈ N and Z  ∃ an element 1

2
 ∉ N                    

and ∉ Z such that 2 ∙ 1
2
 = 1

2
 ∙ 2 = 1. 

4. (R, ∙) is not satisfies inverse property. Since 0 ∈ R ∃  an element 1
0
 is undefined.                    ∴ 

‘0’ has no multiplicative inverse.   Similarly (Q, ∙) is not satisfies inverse property. 
5. R* is the set of non-zero real numbers i.e. R* = R – {0}. ∴ (R*, ∙) is satisfies Inverse Property.  



Abelian Property or Commutative Property:  ∀ a, b ∈G ⇒ a o b = b o a 

Example: (N, +), (Z, +), (Q, ∙), (R, ∙) are satisfies Abelian and Commutative Property. 

Groupoid: A non – empty set G is said to be Groupoid w.r.t to the operation ‘o’ if it satisfies 
Closure Property. 

Example:  
1. (N, +), (Z, +) are satisfies Closure Property. ∴ (N, +), (Z, +) are Groupoid w.r.t. ‘+’ 
2. (N, –) does not satisfies Closure Property.  Since for 2 ∊ N and 3 ∊ N but 2 – 3 = – 1 ∉ N. ∴ 

(N, –) is not a Groupoid w.r.t. ‘–‘ 
Semi-Group: A non – empty set G is said to be a semi-group w.r.t. operation ‘o’ if it satisfies Closure 
Property and Associative Property. 
 
Example: 

1. (N, +), (Z, +), (R, ∙), (Q, ∙) are satisfies Closure and Associative Property.                                        
∴ (N, +), (Z, +), (R, ∙), (Q, ∙) are Semi-group. 

Monoid: A non – empty set G is said to be a Monoid w.r.t to the operation ‘o’ if it satisfies Closure 
Property, Associative Property and Identity Property. 
Example:  

1. (N, +) is not a Monoid.  Since N satisfies Closure Property and Associative Property but 
not Identity Property i.e. Identity element w.r.t ‘+’ is 0 ∉ N. 

2. (N, ∙) is Monoid. 
3. (Z, ∙), (Z, +), (R, ∙), (R, +), (Q, ∙), (Q, +) are Monoid 

Group : A non-empty set G is said to be a Group w r t a Binary operation ‘o’ if it satisfies the Closure 
Property, Associative Property, Identity Property and Inverse Property. 
Example:  

1. (Z, +), (R, +), (Q, +) are Group.  But (Z, ∙), (R, ∙), (Q, ∙) are not Group 
2. (R*, ∙), (Q*, ∙) are Group. 

Abelian Group or Commutative Group: G is a group w.r.t. binary operation ‘o’ and it satisfies the 
Abelian property w.r.t. same operation ‘o’ then G is called Abelian Group or Commutative Group. 
Example:  

1. (Z, +), (R, +), (Q, +) are Abelian Group.   
2. (R*, ∙), (Q*, ∙) are Abelian Group. 

Finite and Infinite Group: If the set G contains a finite number of elements then the group (G,o) is 
called a finite group.  Otherwise the group (G,o) is called a infinite group. 

Left Cancellation Law: For any 𝑎𝑎 ≠ 0, 𝑏𝑏, 𝑐𝑐 in a group G and   𝑏𝑏 = 𝑎𝑎   ⇒   = 𝑐𝑐 
Right Cancellation Law: For any 𝑎𝑎 ≠ 0, 𝑏𝑏, 𝑐𝑐 in a group G and 𝑏𝑏 𝑎𝑎 = 𝑐𝑐 𝑎𝑎   ⇒ 𝑏𝑏 = 𝑐𝑐 
Theorem: In a group G, identity element is unique. 



 
Theorem: In a group G, inverse of any element is unique. 
Show that the set of integers Z form a Group w r t the operation ∗ defined by                                                                         
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 − 1  for all a, b in Z 

Prove that the set G of rational (real) numbers other than 1, with operation such that                                                             
a ⊕ b = a + b – ab for a, b ∊ G is an abelian group. Hence show that x = 3/2 is a solution of the                                    
4 ⊕ 5 ⊕  x  =  7. 

Solution:  G (=Q) is the set of rational (real) numbers other than 1. 
  ⊕ is the operation consider on G as a ⊕ b = a + b – ab for a, b ∊ G 

Show that set Q+ of all positive rational numbers forms an abelian group under the 
composition defined by ‘o’ such that a o b = (ab)/3 for a, b ∊ Q 

Show that R = { a +b√2 : a, b ∈ Q } is a commutative group w.r.t addition. 

Prove that the set of matrices Aα = �𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 −𝒄𝒄𝒔𝒔𝒔𝒔𝒄𝒄
𝒄𝒄𝒔𝒔𝒔𝒔𝒄𝒄 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 � α ∈ R forms a group w.r.t. matrix 

multiplication if cosθ = cosφ ⇒ θ = φ 

Exercise: Show that the set G = {x/x = 2a3b and a,b ∈ Z} is a group under multiplication. 

Theorem: Let G be a group G. For a, b ∈ G,  ( 𝑎𝑎 𝑏𝑏 ) −1 = 𝑏𝑏 −1 𝑎𝑎 −1. 

Theorem: Cancellation laws hold in a group 

Let G be a group.  Then  for any 𝑎𝑎≠0, 𝑏𝑏, 𝑐𝑐 ∈ G, 𝑎𝑎 𝑏𝑏 = 𝑎𝑎 𝑐𝑐   ⇒ 𝑏𝑏 = 𝑐𝑐 ( Left cancellation law)               and 

𝑏𝑏 𝑎𝑎 = 𝑐𝑐 𝑎𝑎   ⇒ 𝑏𝑏 = 𝑐𝑐  (Right cancellation law) 

Theorem: In a group G (≠φ), for a,b,x,y ∈ G, the equation ax = b and ya = b have unique solutions . 

Prove that the set of nth roots of unity under multiplication form a finite group. 

Show that the set of fourth roots of unity form an abelian group w.r.t. multiplication. 

 

 

 



 

 

 

                                                                                                                        



Letter for MoU Guest Lecture 

From: 
The principal 
Government Degree College, 
Ravulapalem. 
B RAbedker Konaseema Dist AP 
To, 
The principal. 
Government Degree College, 
Mandapeta. 
B R Abedker Konaseema Dist AP 

Respected Sir, 

Date:05-9-2023 

I am bringing to your kind notice that our Mathematics Department was planned 
to conduct a MoU Guest lecture (As a part of MoU agreement with the Department of 
Mathematics of Government Degree College, Mandapeta.) In this context, I request you to 
kindly relieve on 08-9-2023 (Friday) with your respective Mathematics Lecturer Sri N S V 
KIRAN KUMAR at 1 OAM in MANA TV Room of our College. I request you to kindly relieve 
him on the above said date. 

Thanking you 

/J~ PRINCIPAL ,, • 
Government Degree College 
Ravulapalem-533238. E.G.Dt. 



GOVERNMENT DEGREE COLLEGE 
NAAC Accredited with 'B'Grade 

Mandapeta. East godavari District , AP. 

RELIEVING LETTER 

DATE: 08--09-2023. 

This is to certify that Sri N.S.V. KIRAN KUMAR, Lecturer in 
Mathematics of this college is relieved of his duties on F.N. of 08-09-2023 

to attend the Guest Lecture at Government Degree College, Ravulapalem on 
08-09-2023. 

PR1{tftJJi.L __ _ 
?nn~pal 

Govt. Degree CoHPge --------
M,..NDAPETA-5?3 308 
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GOVERNMENT DEGREE COLLEGE, RAVULAPALEM •• 
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....._ NH 211A, IIDM, ..,,.....,_.13238, Dr.LIi A1nbdlla Dist., A.P, INDIA 
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, .... ~, 110 IJ0001:2011, 180 14001a2011, 180 I001&2011 c.a.,. ;.., 

To 
The Principal 
Government Degree College, Mandapeta 
Kona seems Dist. AP 

Attendance Certificate 

Dt: 08-09-2023 
Ravulapalem 

This is to certify that SrifJ S V Kiran Kumar, Lecturer in Mathematics, Government 
Degree College, Mandapeta attended as Resource Person and delivered a Guest Lecture on 
"GROUP THEORY" in II B.Sc. Class Room conducted by the Department of 
Mathematics, Government Degree College, Ravulapalem as a part of MoU with the college 
on 08-09-2023 from 10AM to 12PM. 

Date :08-9-2023 

Ravulapalem 

H5DM~ I 

Government Degree College 
Iyt~lapalem 

• HOD Ot- MATHEMATICS 
Government Degree Coll~<!' 

RavuJapaJem 

/J~ PRINCIPAL r ' 

Oowmmant Oeg,ce CoUei 
~wlapo\om•533238, E.G.C 

Principal 
Government Degree College 

Ravulapalem 
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TOPIC SYNOPSIS 
 

Basis of a vector space: A sub set S of a vector space V(F) is said to be a basis of V(F) IF 
 
1.S is linearly independent 
 
2.L(S) = V(F) i.e, Vector space V(F) generated by S. 
 
Example:1. S = { (1, 0, 0),(0, 1, 0),(0, 0, 1) } is a basis of the vector space 𝑉𝑉3(𝐹𝐹). 
 
Solution: To show that S = { (1, 0, 0),(0, 1, 0),(0, 0, 1) } is a basis of the vector space 𝑉𝑉3(𝐹𝐹) 
 
1. S is linearly independent: ∃ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠, 𝑏𝑏, 𝑠𝑠 ∈ 𝐹𝐹 𝑠𝑠𝑠𝑠𝑠𝑠ℎ 𝑡𝑡ℎ𝑠𝑠𝑡𝑡 a(1, 0, 

0) + b(0, 1, 0) + c(0, 0, 1) = O = (0, 0, 0) 

⇒ (𝑠𝑠 + 0 + 0, 0 + 𝑏𝑏 + 0, 0 + 0 + 𝑠𝑠) = (0, 0, 0) 
 

⇒ (𝑠𝑠, 𝑏𝑏, 𝑠𝑠) = (0, 0, 0) ⇒ 𝑠𝑠 = 0, 𝑏𝑏 = 0, 𝑠𝑠 = 0 
 

∴ S is linearly independent. 
 
2. L(S) = 𝑉𝑉3(𝐹𝐹): Clearly L(S) ⊆ 𝑉𝑉3(𝐹𝐹) ----- (A) 



 
Now to show that 𝑉𝑉3(𝐹𝐹) ⊆ 𝐿𝐿(𝑆𝑆) 
 
For all 𝛼𝛼 = (𝑥𝑥, 𝑦𝑦, 𝑧𝑧) ∈ 𝑉𝑉3(𝐹𝐹) ⇒ 
 

(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = (𝑥𝑥, 0, 0) + (0, 𝑦𝑦, 0) + (0, 0, 𝑧𝑧) 
 

= 𝑥𝑥(1, 0, 0) + 𝑦𝑦(0, 1, 0) + 𝑧𝑧(0, 0, 1) ∈ 𝐿𝐿(𝑆𝑆) 
 

(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) ∈ 𝐿𝐿(𝑆𝑆) ⇒ 𝛼𝛼 ∈ 𝐿𝐿(𝑆𝑆) 
 

∴ 𝑉𝑉3(𝐹𝐹) ⊆ 𝐿𝐿(𝑆𝑆) ------ (B) 
 

From (A) &(B) L(S) = 𝑉𝑉3(𝐹𝐹) 
 
∴ S = { (1, 0, 0), (0, 1, 0), (0, 0, 1) } is a basis of the vector space 𝑉𝑉3(𝐹𝐹) 

 
 
Note: { (1, 0 ),(0, 1) } is a basis of the vector space 𝑉𝑉2(𝐹𝐹). 

Definition: (Finite Dimensional Vector space) 

A Vector space V(F) is said to be finite dimensional if there exist a finite subset S of V(F) 

such that L(F) = V(F). 

Example: 𝑉𝑉𝑛𝑛(𝐹𝐹) 𝑖𝑖𝑠𝑠 finite dimensional vector space. 
 
Definition:( Dimension of a vector space): 
 

In a finite dimensional vector space V(F) the number of basis elements is called Dimension of 

the vector space V(F) and is denoted by dim V(F). 

Example: 𝑉𝑉𝑛𝑛(𝐹𝐹) 𝑖𝑖𝑠𝑠 finite dimensional vector space and its basis 
 

{(1, 0, 0, … . ,0), (0, 1, 0, … . ,0), … (0, 0, … . . , 1)} Number of basis elements = n 
 

dim 𝑉𝑉𝑛𝑛(𝐹𝐹) = 𝑛𝑛. 
Theorem (Existence of Basis theorem): 
 
Every finite dimensional vector space has a basis. 
 
 Theorem (Basis extension theorem) 

In a finite dimensional vector space V(F) prove that a linearly independent set is a basis or it can be 

extended to form a basis of V(F). 



 Theorem (Invariance theorem): 

If V(F) is a finite dimensional vector space then prove that any two bases have same 

number of elements. 

 
 

Theorem: If 𝑊𝑊1𝑠𝑠𝑛𝑛𝑎𝑎 𝑊𝑊2 are two sub spaces of a finite dimensional vector space V(F) then prove that 

dim (𝑊𝑊1 + 𝑊𝑊2) = dim 𝑊𝑊1 + dim 𝑊𝑊2 − dim(𝑊𝑊1 ∩ 𝑊𝑊2). 

Problems: 

1. Show that the set of vectors { (1, 1, 2) (1, 2, 5) (5, 3, 4) } not a basis of 𝑅𝑅3. 
2. Show that the set of vectors {(1, 2,1) (2, 1, 0) (1, -1, 2) } form a basis of 𝑅𝑅3. 
3. Show that the set of vectors {(2, 1, 0) (2, 1, 1) (2, 2, 1) } form a basis of 𝑅𝑅3 and express the vector. 
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